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có

éu��3G��m E þ��ÅL§ X = {Xt , t ∈ T},
oÑ/, é?¿ s < t < u, ®�y3�G� Xt ,

ò5G� Xu ���VÇ�L�G� Xs ���Ã', K
¡T5��ê¼5(Ã��5), �AL§¡�ê¼L§.

• ê¼ó´�aAÏ�ê¼L§,

ÙG��m E ´���õ��:8.

• ù´�{ü�²;��@�ïÄ��ÅL§, ±ù����*��.��m©, 8�´

4�[é�ÅL§�¯KÚïÄ�{k��Ä��@£.
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111 3.1 !!! ���ÅÅÅiiiÄÄÄ

�ÅiÄ�2�$^u

ïÄ�dÂÃÇ!ÂÃL§ÚÏ��¯K.

(3d, Õá5Ú­E5´�E7K�.�'�.)

~X, �Ý]ö3�ú²�½���¤Ý]�¦�¤k��, K

�ïá�A�ÂÃL§�.(X�{ü�, é¡�ÅiÄ).

l
3�½��S�Ñ�dr³�ýÿÚíä.
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(Ω,F ,P) : VÇ�m,

�ÅiÄ´�ÕáÓ©Ù�ÅCþS�|¤�Ü©ÚS�.

½Â:

{Xn : n ≥ 1} : (Ω,F ) þÕáÓ©Ù�ÅCþS�,

P(Xn = 1) = p, P(Xn = −1) = 1− p = q.

½Â

S0 = 0,Sn :=
n

∑
k=1

Xk , n ≥ 1,

K¡ {Sn, n ≥ 0} �l 0 Ñu�{ü�ÅiÄ.

AO�, e p = q = 1
2 , K�é¡{ü�ÅiÄ.
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~ 2.2.3 `¯ü<iZ, zÛ`I 1 �ÚÑ 1 ��VÇÑ´ 1
2 . b�

�m©`Ãp´ 0 �, P Sn � n Û��`Pk�aê.

¯: Ñ�<´Ä�½¬I£5? I�<´Ä�½¬Ñ£�?

5. ù¢Sþ´��¼ê�5�:
�ÅS� {Sn, n ≥ 1} ���;�´Ä3k��mS£� 0?
Ú\Äg�£":��m

T = inf{n > 0 : Sn = 0} : 0 :�Ä¥�,

�±y²
P(T < ∞) = 1.

]
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�:;�

�
ïÄ�ÅiÄ��¼ê�5�, I��Ä

�:�m: 3�I²¡þ��ê�:|¤��m.

½Â 3.1.1

� m < n, a, b ´�ê, �^ (m, a) � (n, b) ��:;�
´�, �ê� (sm, sm+1, . . . , sn) ÷v:

(i) sm = a, sn = b;

(ii) é m < k ≤ n, sk − sk−1 ��� 1 ½ −1.
^��ò��: (k − 1, sk−1) � (k , sk) ë�,

/¤��^ò�. n−m ¡�´;���Ý.
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5º

1 ²L²£,

l (m, a) � (n, b) ��:;�oê

=l (0, 0) � (n−m, b− a) ��:;�oê.

^ Nn,x L« (0, 0) � (n, x) � �:;�oê.

2 �3ë� (0, 0) � (n, x) ��:;���=�

�3 p, q ∈ Z+ ¦� n = p + q, x = p − q.

Nn,x =

(
p + q

p

)
=

(
n

n+x
2

)
, Nn,−x = Nn,x .
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���n

½n 3.1.1

� a, b > 0, m < n, K
l (m, a) � (n, b) � �� x-¶����:;�oê�
l (m, a) � (n,−b) ��:;�oê�Ó.

• kÚ\Xeü�8Ü:

A L«l (m, a) � (n, b) ��� x-¶����:;��N;

B L«l (m, a) � (n,−b) ��:;��N.

School of Mathematics, SHUFE lÑ�mMarkovó



�{ü�ê¼ó: �ÅiÄ
ê¼ó�Ä�½Â

Chapman-Kolmogorov �§�G��©a
=£VÇ�4�5��²­©Ù

SK:µ

có
�:;�����n
é¡{ü�ÅiÄ

y. ?� (sm, . . . , sn) ∈ A, �

�´�� x-¶´3 k ��, K k = m+ 1,m+ 2, · · · , n− 1.

ò;� k � n Ü©U x-¶����:;�

(sm, . . . , sk ,−sk+1, . . . ,−sn).

§´ B ¥��:;�. N�

(sm, . . . , sn) 7→ (sm, . . . , sk ,−sk+1, . . . ,−sn)

ïá
 A � B þ���éA.
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�AVÇ�{

�:;��Ñ���;VÇ�m (Wn,Pn). Ù¥é?Û n ≥ 1,

Wn L«l (0, 0) Ñu!�Ý� n ��:;��N,

Pn ´Ùþ��;VÇ.

e B ⊂ Wn, KkXeVÇO�úª

Pn(B) =
|B |
|Wn|

=
|B |
2n

.
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²;A^: À¦¯K

~ 3.1.1 3�gÝ¦¥,
ÿÀ< P,Q ��¦©O� m, n � m > n,
@o3��Ý¦L§¥,
P �¦ê��+ku(õu) Q �¦ê�VÇ

Pn,m =
m− n

m+ n
.

5. P31 n �<Ý¦�, P,Q �¦ê��� sn (n ≥ 1), K
Ý¦L§´
(0, 0) � (m+ n,m− n) ��:;� (s0, s1, . . . , sm+n).
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y. ¤¦¯K´O�
“(0, 0) � (m+ n,m− n) ��:;�Øå:	Ø��
x-¶”�VÇ. T¯��Óu

“(1, 1) �(m+ n,m− n) �;�Ø�� x-¶”.

;�oê�u ¤k�:;�oê~�

(1, 1) � (m+ n,m− n) �� x-¶�;�oê,

d���n, �ö=� Nm+n−1,m−n+1.
l
¤¦VÇ

Pn,m =
Nm+n−1,m−n−1 −Nm+n−1,m−n+1

Nm+n,m−n
=

m− n

m+ n
.

]
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À¦¯K�A^

~. ëY��qM1, �¡Ñy�VÇ´ p. P

τ : m©�1���!�¡Ñy�ogêÄg�����,

Áy

P(τ = 2n) =
1

2n− 1
·
(
2n

n

)
pn(1− p)n, n ≥ 1.
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). �±�Ä^�“c 2n g¥�¡Ñy n g”, P� A,

P(τ = 2n) = P(τ = 2n|A)P(A) = P(τ = 2n|A)
(
2n

n

)
pn(1−p)n.


3^� A e,

n ��¡Ú n ��¡�¤k�Uü�´��U�.

�d^�VÇÒ´

“ÀÞ¥üÿÀ<�� n Ü¦�Ù¥�<3O¦L§¥o´+k,

�����¦(ù�¦â¦¦ê��)”�VÇ

dO¦¯K�(J

P(τ = 2n|A) = Pn,n−1 =
1

2n− 1
. ]

]
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é¡{ü�Å$Ä

5. d©Ùé¡5�b�, ��;�k��U5; ¤±,
�AVÇO��{´�;��{:

é¡{ü�ÅiÄéA�VÇ�mþ�¯K, �du

�:;��¤�VÇ�mþ�¯K, =

�±^ê�:;���{O�.
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�
k��þ�©Ù

(1) 3 2n ��3�:�ýé©Ù:

un := P(S2n = 0), n ≥ 0,

K

u0 = 1, un = N2n,0/22n =
1

22n

(
2n

n

)
, n ≥ 1.

5. 4íúª:

un =
2n− 1

2n
un−1, n ≥ 1.
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(2) 0 :Ä¥� τ �©Ù:

τ := inf{n > 0 : Sn = 0}.

5. 1. Ã{üØ τ �Ã¡��;
2. ,	e τ k�, §�½´óê.
3. c¡'uO¦¯K�A^®�,

P(τ = 2n) =
1

2n− 1
un, n ≥ 1.
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Ún 3.1.1

1) P(S1 6= 0,S2 6= 0, · · · , S2n−1 6= 0,S2n 6= 0) = un.

y. d τ �©Ù��

�ª = P(τ > 2n) = 1−P(τ ≤ 2n) = 1−
n

∑
k=1

uk
2k − 1

.

 y

un = 1−
n

∑
k=1

uk
2k − 1

.
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(|^êÆ8B{)

1 d u1 = 1/2, � n = 1 �þªw,¤á.

2 e¡b� n− 1 �þª¤á, k

1−
n

∑
k=1

uk
2k − 1

= 1−
n−1
∑
k=1

uk
2k − 1

− un
2n− 1

= un−1 −
un

2n− 1
= un.

�¤y².
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Ún 3.1.1

2) P(S1 > 0,S2 > 0, · · · ,S2n−1 > 0,S2n > 0) =
1

2
un.

3) P(S1 ≥ 0,S2 ≥ 0, · · · ,S2n−1 ≥ 0,S2n ≥ 0) = un.
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0 :Ä¥� τ �©Ù

½n 3.1.2

é?Û n ≥ 1,

(1) P(τ = 2n) = un−1 − un =
1

2n− 1
un, n ≥ 1.

(2) un =
n

∑
r=1

P(τ = 2r) · un−r .
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y. (1)

P(τ = 2n) = P(S1 6= 0, . . . ,S2n−1 6= 0,S2n = 0)

= P(S1 6= 0, . . . ,S2n−2 6= 0)

−P(S1 6= 0, . . . , S2n−1 6= 0,S2n 6= 0)

= P(S2n−2 = 0)−P(S2n = 0).

úª (2) d�VÇúªíÑ.

School of Mathematics, SHUFE lÑ�mMarkovó



�{ü�ê¼ó: �ÅiÄ
ê¼ó�Ä�½Â

Chapman-Kolmogorov �§�G��©a
=£VÇ�4�5��²­©Ù

SK:µ

có
�:;�����n
é¡{ü�ÅiÄ

5. d Stirling úª: n! ∼ nn · e−n
√
2πn,

� n¿©��, un =
1

22n

(
2n

n

)
∼ 1√

nπ
→ 0.

íØ 1:

P(τ < ∞) = 1, = w.p.1, 3k���mSò£��:.

,��¡, |^1�ÙSK 4 �(J,

E[τ] = ∑
n≥0

P(τ > 2n) = ∑
n≥0

un ∼ ∑
n≥0

1√
nπ

= ∞.

íØ 2:

Eτ = ∞, �Ò´`�:�²þ�£�m´Ã��.
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(3) 0 :"l��©Ù:
L2n : L«�Ý� 2n ��:;����� 0 ��m, =

L2n := sup{k ≤ 2n : Sk = 0},

¡� 0 :�(3�� 2n c�)"l�.

• w,7´óê.

½n 3.1.3

P(L2n = 2k) = uk · un−k , 0 ≤ k ≤ n.
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y. - S ′j := ∑j
i=1 X2k+i . w,

{L2n = 2k} = {S2k = 0,S2k+1 6= 0,S2k+2 6= 0, · · · ,S2n 6= 0}
= {S2k = 0,S ′1 6= 0,S ′2 6= 0, · · · , S ′2n−2k 6= 0},

ÏddÕá5Úc¡�Ún,

P(L2n = 2k)

=P(S2k = 0)P(S ′1 6= 0,S ′2 6= 0, · · · ,S ′2n−2k 6= 0)

=uk · un−k .
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(4) 8Ü�¢3��©Ù:
σ2n : 0 � 2n �ã���ãê, =

σ2n :=
2n

∑
k=1

1{Sk−1≥0,Sk≥0},

¡��ÅiÄ3�8þ�Ï3�,

• w, σ2n �7´óê.

½n 3.1.4

P(σ2n = 2k) = uk · un−k , 0 ≤ k ≤ n.
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y. (8B{)
1 � n = 1 �, w,

P(σ2 = 0) = P(σ2 = 2) = 1/2,

(Ø¤á.
2 dc¡Ún�

P(σ2n = 0) = P(σ2n = 2n) = u2n,

(Ø¤á, ��Ié 0 < k < n y²=�.
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�
P(σ2m = 2k) = uk · um−k , m < n, 0 < k < m.

� 0 < k < n �, d�VÇúªÚ8Bb�,

P(σ2n = 2k) =
n

∑
r=1

P(σ2n = 2k |τ = 2r)P(τ = 2r)

=
n

∑
r=1

1

2
(P(σ2n−2r = 2k − 2r) + P(σ2n−2r = 2k))P(τ = 2r)

=
1

2

n

∑
r=1

(uk−run−k + ukun−r−k)P(τ = 2r)

=
1

2
(ukun−k + ukun−k).

½n�y.

School of Mathematics, SHUFE lÑ�mMarkovó



�{ü�ê¼ó: �ÅiÄ
ê¼ó�Ä�½Â

Chapman-Kolmogorov �§�G��©a
=£VÇ�4�5��²­©Ù

SK:µ

có
�:;�����n
é¡{ü�ÅiÄ

��uÆ

-

f (x) =
1

π
√

x(1− x)
, x ∈ (0, 1),

5¿�d Stirling úª, k

uk · un−k ∼
1

n
f (k/n).

l


P(σ2n/2n < x) = ∑
k<xn

uk · un−k ∼ ∑
k/n<x

1

n
f (k/n)

−→
∫ x

0
f (y)dy =

2

π
arcsin

√
x ,
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��uÆ

� n ¿©��, L2n/2n Ú σ2n/2n �©Ù¼êCq�

F (x) =
∫ x

0

1

π
√

x(1− x)
dy

=
2

π
arcsin

√
x , x ∈ (0, 1).

¡dy��Ñl��uÆ.

5. d�Ý¼ê�/G��±uy,

L2n Ú σ2n �©ÙÑ'�8¥3üà.
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Ú~
½Â9~

~ 2.2.3 (Y)
b�`¯ü<iZ, zÛ`I 1 ��VÇ´ p Ñ 1 ��VÇ
´ q = 1− p. 2b��m©`Ãp´ 0 �, P Sn � n Û�
�`Pk�aê.
1. O�^�VÇ

P(S8 = 4|S1 = 1,S3 = 1,S4 = 2) 9 P(S8 = 4|S4 = 2),

2. Á
)�ö´Ä��.
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¯¢þ,

◦ P(S8 = 4|S1 = 1,S3 = 1,S4 = 2)

=P(S8 − S4 = 2|S1 = 1,S3 = 1,S4 = 2)

=P(S8 − S4 = 2) = 4p3q,

◦ P(S8 = 4|S4 = 2) = P(S8 − S4 = 2|S4 = 2)

=P(S8 − S4 = 2) = 4p3q.

]
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X = {Xn, n ≥ 0} : ±�õ��8 E �G��m�lÑ�mL§.

½Â 3.2.1

eé?¿ n ≥ 0, i0, i1, · · · , in−1, i , j ∈ E ,

P(Xn+1 = j |Xn = i ,Xn−1 = in−1, · · · ,X1 = i1,X0 = i0)

=P(Xn+1 = j |Xn = i),

K¡ {Xn, n ≥ 0} �ê¼ó( Markov ó).

5. (SK 6)é��ê¼ó {Xn, n ≥ 0}, y²:

P(Xn = j |Xn1 = i1, ...,Xnk = ik) = P(Xn = j |Xnk = ik),

� n1 < n2 < · · · < nk < n ��¤á.
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½Â 3.2.1 (Y)

• é?¿ i , j ∈ E , n ≥ 0, ¡

Pij (n) := P(Xn+1 = j |Xn = i)

�L§3 n ����Ú=£VÇ.

• e Pij (n) = Pij � n Ã', K¡ X ��àê¼ó.

P P = (Pij ), ¡� X ��Ú=£VÇÝ
, {¡=£Ý
,

Ù�êd E ¥���ê |E | û½.

3�Ù!¥, ·�=�Ä�àê¼ó.
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5. =£VÇ�=£Ý
´��éA�.
• =£Ý
���==£VÇ, ÷v

1 �K5:
é?¿ i , j ∈ E , Pij ≥ 0;

2 �K5:
é?¿ i ∈ E , ∑

j∈E
Pij = 1.

���, ��÷vþãü^�Ý
�¡��ÅÝ
.

(�U´��Ã�1���Ý
.)

• =£¼ê��±/�/^ãL«, ¡�G�=£ã.
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~ 1. (0− 1 DÑXÚ)
�D 0 Ú 1�GéXÚ¥, �z�?�DýÇ� p, ØèÇ�
q = 1− p. ^ X0 L«1�?�Ñ\, Xn L«1 n ?�Ñ
Ñ, n ≥ 1.
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�� {Xn, n ≥ 0} ´��± E = {0, 1} �G��m��àê¼
ó, =£VÇ

pij = P(Xn+1 = j |Xn = i) =

{
p, j = i ,
q, j 6= i ,

i , j = 0, 1.

(G�=£ã)

]
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~ 2. Õá­E/��f, ^ Xn L«1 n g�Ñ�:ê, -

Yn = Xn+1 + Xn+2, n ≥ 0.

(1) O�^�VÇ
◦ P(Y2 = 12|Y0 = 2,Y1 = 7),
◦ P(Y2 = 12|Y1 = 7);

(2) �ä {Yn} ´Ä´ê¼ó?

School of Mathematics, SHUFE lÑ�mMarkovó



�{ü�ê¼ó: �ÅiÄ
ê¼ó�Ä�½Â

Chapman-Kolmogorov �§�G��©a
=£VÇ�4�5��²­©Ù

SK:µ

Ú~
½Â9~

(1)

P(Y2 = 12|Y0 = 2,Y1 = 7)

=P(X3 = X4 = 6|X1 = 1 = X2,X3 = 6) =
1

6
,

P(Y2 = 12|Y1 = 7) =
P(Y2 = 12,Y1 = 7)

P(Y1 = 7)

=
P(X2 = 1,X3 = X4 = 6)

P(X2 + X3 = 7)
=

( 16 )
3

6
36

=
1

36
.

(2) Ï�

P(Y2 = 12|Y0 = 2,Y1 = 7) 6= P(Y2 = 12|Y1 = 7),

¤± {Yn} Ø´ê¼ó. ]
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ü�^�VÇúª

Ún 3.2.1

� A,B,C �n��Å¯�,K

P(BC |A) = P(B |A)P(C |AB).

Ún 3.2.2

� A,B,C �n��Å¯�,K

P(C |AB) = P(C |B) ⇔ P(AC |B) = P(A|B)P(C |B).

d�, ¡ A,C 'u B k^�Õá5.
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n Ú=£VÇ

éu n ≥ 1,m ≥ 0, i , j ∈ E ,

P(Xn+m = j |Xm = i) =: P (n)
ij : � m Ã', ´ n Ú=£VÇ.

�A�, P
(n)
ij ´ n Ú=£VÇÝ
.

• n Ú=£VÇÝ
�´�ÅÝ
;

• w, P
(1)
ij = Pij , P

(0)
ij ≡ δij =

{
1, i = j ,
0, i 6= j .

(Pij ) ´�Ú=£VÇÝ
, (P
(0)
ij ) = I ´ü Ý
.
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Chapman-Kolmogorov �§

½n 3.3.1

é?¿n,m ≥ 0, i , j ∈ E ,

P
(n+m)
ij = ∑

k

P
(n)
ik P

(m)
kj ½ P(n+m) = P(n) ·P(m).

. (�*¿Â)
l i u² n+m Ú�� j �©�ü��ãr:

• kl i u² n Ú� k ,
• 2l k ² m Ú�� j .
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y. dÚn 3.2.1 � n ���ê¼5,

P(Xn+m = j |X0 = i) = ∑
k∈E

P(Xn+m = j ,Xn = k |X0 = i)

= ∑
k∈E

P(Xn+m = j |Xn = k ,X0 = i)P(Xn = k |X0 = i)

= ∑
k∈E

P
(m)
kj P

(n)
ik .

kXe��íØ.

n Ú=£Ý
�±d�Ú=£Ý
� n g���:

P(n) = Pn.
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k��©Ù

½n 3.2.1

± pi := P(X0 = i) (i ∈ E ) �Ð©©Ù� Markov ó X �
k��©Ù: i0, i1, · · · , in ∈ E ,

P(X0 = i0,X1 = i1, · · · ,Xn = in) = pi0Pi0i1Pi1i2 · · ·Pin−1in ,

=dÐ©©ÙÚ=£VÇ��(½.

(d¦{úª9ê¼5=�y².)
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·K.

(1) é?¿ n ≥ 1, P(Xn = j) = ∑
i

P(X0 = i)P
(n)
ij ;

(2) é?¿ n1 < n2 < · · · < nk ,

P(Xn1 = i1,Xn2 = i2, · · · ,Xnk = ik)

=P(Xn1 = i1)P
(n2−n1)
i1i2

· · ·P (nk−nk−1)
ik−1ik

.

5. lêÆþw, �À��ÅÝ
���ê¼ó:

k��©Ù��dÐ©©ÙÚ�Ú=£VÇ(½.
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·K�y².

(1) |^�VÇúª=�;

(2) d¦{úª,

P(Xn1 = i1,Xn2 = i2, · · · ,Xnk = ik)

=P(Xn1 = i1)P(Xn2 = i2|Xn1 = i1) · · ·
P(Xnk = ik |Xn1 = i1, · · · ,Xnk−1 = ik−1)

=P(Xn1 = i1)P
(n2−n1)
i1i2

· · ·P (nk−nk−1)
ik−1ik

.
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�'O�Ì�´G�=£�VÇ5Æ, �/^/��G�=£ã.

~ 3.2.3 � {Xn, n ≥ 0} ´äkn�G� 0, 1, 2 ��à Markov ó, �
Ú=£Ý
� 3/4 1/4 0

1/4 1/2 1/4
0 3/4 1/4


Ð©©Ù� P(X0 = i) = 1/3, i = 0, 1, 2, Á¦:

(1) P(X0 = 0,X1 = 1,X4 = 1);
(2) P(X2 = 1,X4 = 1,X5 = 0|X0 = 0);
(3) P(X2 = 1,X4 = 1,X5 = 0).
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~ 3.2.4 � {Sn, n ≥ 0} ´��l"Ñu�ê¼ó. �A�=£Ý

÷v

Pi ,i+1 = p, Pi ,i−1 = q, i ∈ Z.

�y, {|Sn|, n ≥ 0} �´�^ Markov ó:

P(|Sn+1| = i + 1| |Sn| = i , |Sn−1|, · · · , |S1|)
=P(|Sn+1| = i + 1| |Sn| = i), ∀i > 0.

Äk, y²

P(Sn = i | |Sn| = i , |Sn−1| = in−1, · · · , |S1| = i1) =
pi

pi + qi
.
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¯¢þ, - i0 = 0, �

j := max{k = 0, 1, · · · , n− 1 : ik = 0},

K

�ª = P(Sn = i | |Sn| = i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1,Sj = 0)

=
P(Sn = i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1, Sj = 0)

P(Sn = ±i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1,Sj = 0)

=
p

n−j
2 + i

2 q
n−j
2 −

i
2

p
n−j
2 + i

2 q
n−j
2 −

i
2 + p

n−j
2 −

i
2 q

n−j
2 + i

2

=mª.
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{|Sn|, n ≥ 0} ´ê¼ó�y

� A = {|Sn| = i , |Sn−1|, · · · , |S1|},

P(|Sn+1| = i + 1| |Sn| = i , |Sn−1|, · · · , |S1|)

=
P(|Sn+1| = i + 1,Sn = i ;A) + P(|Sn+1| = i + 1,Sn = −i ;A)

P(A)

=
P(Xn+1 = 1,Sn = i ;A) + P(Xn+1 = −1,Sn = −i ;A)

P(A)

=P(Xn+1 = 1)P(Sn = i |A) + P(Xn+1 = −1)P(Sn = −i |A)

=
pi+1 + qi+1

pi + qi
, i > 0.
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¤± {|Sn|, n ≥ 1} �^ Markov ó, �A�=£VÇ� P̃i ,i+1 =
pi+1 + qi+1

pi + qi
= 1− P̃i ,i−1 i ≥ 1,

P̃0,1 = 1.

]

5. éul�":Ñu� Markov óKvkù�(J.
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¼�Markovó��ª

½n 3.2.2

��ê��ÅCþS� {Xn, n ≥ 0}÷vXeü�^�µ
(1) Xn = f (Xn−1, ξn);

(2) {ξn, n ≥ 1} ´ÕáÓ©Ù��ÅS�� X0 � {ξn, n ≥ 1}
��pÕá§

K {Xn, n ≥ 0} ´ Markov ó, Ù=£VÇ�

Pij = P(f (i , ξ1) = j).
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y. �Iy

P(Xn+1 = in+1|Xn = in, · · · ,X0 = i0) = P(Xn+1 = in+1|Xn = in),

¯¢þ§5¿� ξn+1 � X0,X1, · · · ,Xn �pÕá,

P(Xn+1 = in+1|Xn = in, · · · ,X0 = i0)

=P(f (Xn, ξn+1) = in+1|Xn = in, · · · ,X0 = i0)

=P(f (in, ξn+1) = in+1|Xn = in, · · · ,X0 = i0)

=P(f (in, ξn+1) = in+1),

,	,

P(Xn+1 = in+1|Xn = in) = P(f (in, ξn+1) = in+1).

School of Mathematics, SHUFE lÑ�mMarkovó



�{ü�ê¼ó: �ÅiÄ
ê¼ó�Ä�½Â

Chapman-Kolmogorov �§�G��©a
=£VÇ�4�5��²­©Ù

SK:µ

Chapman-Kolmogorov �§
k��©Ù��'VÇO�
G��m�'X
G��©a

~ 3.3.1 (A mouse in a maze) �/�9¥, mouse �½3 1 Ò�f,
b� cat F%/�3 7 Ò�f, 9 Ò¥k�¬ cheese,

P(mouse ?\���f) = 1/k , k = 2, 3, 4.

2b���é� cheese ½-� cat Ò[��3@p,
Xn L« mouse �
 n ��f�¤3 �.

¦VÇ P
(2)
17 ,P

(4)
17 .
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). {Xn, n ≥ 0} ´ Markov ó, E = {1, 2, · · · , 9}. �A
=£Ý
�

1/2 1/2
1/3 1/3 1/3

1/2 1/2
1/3 1/3 1/3

1/4 1/4 1/4 1/4
1/3 1/3 1/3

1
1/3 1/3 1/3

1


.
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5¿�, e n �àê, P
(n)
17 = 0 = P

(n)
19 . n ´óê�§

P
(2)
17 =

1

2

1

3
=

1

6
,

P
(4)
17 =

1

2

1

3

1

2

1

3
+

1

2

1

3

1

4

1

3
+

1

2

1

3

1

4

1

3
+

1

2

1

3

1

2

1

3
+

1

2

1

3

1

4

1

3

+
1

2

1

3

1

4

1

3
+

1

2

1

3

=
5

18
,

· · · · · ·

>MO�(J: � n→ ∞ �, P
(n)
17 → 0.6, P

(n)
19 → 0.4. ]
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�d'X: �Ï5

éu Markov ó {Xn, n ≥ 0}.

½Â 3.3.1

�Ä?¿ü�G� i , j ∈ E

• e�3 n ≥ 0 ¦� P
(n)
ij > 0, K¡ i � j ��, P� i → j .

e P
(n)
ij = 0, ∀n ≥ 1, K¡ i � j Ø��, P� i 9 j .

• e i → j � j → i , K¡ i � j �Ï, P� i ↔ j .

e¡�·K`²��´D4�.
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·K 3.3.1

e i → j � j → k , K i → k.

y. db�, �3 n,m ≥ 0, ¦�

P
(n)
ij > 0, P

(m)
jk ≥ 0.

d C-K �§, k

P
(n+m)
ik = ∑

`

P
(n)
i` P

(m)
`k > P

(n)
ij P

(m)
jk > 0.
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e¡�·K`²�Ï´D4��´é¡�. �Ï5´�d'X.

·K 3.3.2

(1) (g�5) i ↔ i .

(2) (é¡5) e i ↔ j , K j ↔ i ; i ↔ i .

(3) (D45) e i ↔ j � j ↔ k, K i ↔ k .
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G��©a

|^�Ï'X, �ò�Ï�G�8����da.
z�G�áu��áu��a. ½ö`,

G��m�©�Ø��da�¿.

½Â 3.3.2

e Markov ó�G��m��3���da, =��G�*d�
Ï, K¡T Markov ó´Ø���.

(XÖ¥~ 3.2.3)
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~ 3.3.2 �ÄG��m E = {0, 1, 2, · · · ,N}, =£Ý
�

P =



1
q 0 p

q 0 p
· · ·

q 0 p
1


�ê¼ó, Ù¥, p, q > 0, p + q = 1. dó�©¤ 3 aµ

{0}, {N}, {1, 2, · · · ,N − 1}.

]
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¡f8 C ⊂ E ´4�, e ∀x ∈ C , y /∈ C , k pxy = 0.
�du

∀x ∈ C , k∑
y∈C

pxy = 1.

5. 48¥�?ÛG�þØ��48	�G�. �

X Ø����=� E vk�²�4f8;

,	, ��3��48þ�ê¼óE,´��ê¼ó.
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±Ï5

½Â 3.3.3

e8Ü {n ≥ 1 : P (n)
ii > 0} ��, K¡T8Ü���ú�ê

d(i) := GCD{n ≥ 1 : P (n)
ii > 0}

� i �±Ï.

. e d(i) > 1, K¡ i ´±Ï�;

. e d(i) = 1, K¡ i ´�±Ï�.
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~ 3.3.3 (��þÃ���ÅiÄ) �:3ê¶þ��ÅiÄ, zü 
�m£Ä�g, ½�½m½�/ØÄ. �zg£ÄÑ�pÕ
á, Xn L«² n g£Ä�� �, K {Xn, n ≥ 0} ´�
^Markov ó. =£VÇ�

Pi ,i+1 = p, Pi ,i−1 = q, Pi ,i = r (p + q + r = 1).

. � r = 0, 0 < p < 1 �, {n ≥ 1 : P (n)
00 > 0} = {2, 4, 6, · · · },

¤± d(0) = 2, �Ò´`, 0 ´±Ï�.

. � p, q, r > 0 �, {n ≥ 1 : P (n)
00 > 0} = {1, 2, 3, · · · },

¤± d(0) = 1, =d� 0 ´�±Ï�. ]
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±Ï5´�a5�.

·K 3.3.3

e i ↔ j , K d(i) = d(j).

y. - l , n ≥ 0 ÷v P
(n)
ij > 0, P

(l)
ji > 0, K

P
(l+n)
ii ≥ P

(n)
ij P

(l)
ji > 0, P

(l+n)
jj ≥ P

(l)
ji P

(n)
ij > 0,

�Ò´`, l + n �Ó�� d(i), d(j) �Ø. e P
(m)
ii > 0, K

P
(l+m+n)
jj ≥ P

(l)
ji P

(m)
ii P

(n)
ij > 0 =⇒ d(j)|l +m+ n,

¤± d(j)|m, l
 d(j) �Ø m ���ú�ê, i.e.,
d(j)|d(i). Ón d(i)|d(j), �k

d(i) = d(j).
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~ 1. �ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


?ØG��±Ï5. ¯¢þ,

d p33 > 0 �� d(3) = 1,

=G� 3 �±Ï, 
�G�p�, ¤±¤kG�Ñ´�±Ï
�, Tó´��±Ïó. ]
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A�­��VÇ:
Ú\G� j ∈ E �Ä¥�:

Tj := min{n ≥ 1 : Xn = j} (�½min∅ = ∞).

1 é?¿ n, P f
(n)
ij � i u² n ÚÄg�� j �VÇ:

f
(n)
ij :=P(Tj = n|X0 = i)

=P(Xn = j ,Xk 6= j , k = 1, 2, · · · , n− 1|X0 = i),

f
(0)
ij ≡0.

2 fij :=
∞

∑
n=1

f
(n)
ij = P(Tj < ∞|X0 = i) :

i u²k�Ú�ª�� j �VÇ.
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~�5�635

5. 0 ≤ f
(n)
ij ≤ P

(n)
ij ≤ fij ≤ 1.

� i 6= j �, i → j ��=� fij > 0.

½Â 3.3.4

• e fii = 1, K¡ i �~�G�, =

l i Ñu±VÇ 1 3k��mS�£ i ;

• e fii < 1, K¡ i ��~�G�/63G�, =

l i Ñu±�VÇØ2�£ i .

(�Ö¥~ 3.3.4)
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½n 3.3.2:(�½½n)

• i ~��¿�^�´
∞

∑
n=1

P
(n)
ii = ∞. �d/,

• i 63�¿�^�´

∞

∑
n=1

P
(n)
ii =

1

1− fii
< ∞.
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y. k�Ä63� i , K fii < 1. d Markov 5,

��£� i L§qlÞm©, ÙuÐ��6u�c.

P

K ≡ Ki := ∑
n≥1

In, In :=
{

1, Xn = i ,
0, Xn 6= i ,

K K ´ëê� 1− fii �AÛ©Ù�ÅCþ. dAÛ©Ù�
5�, k

P(K ≥ k |X0 = i) = (fii )
k−1, k = 1, 2, · · · ,

±9 E[K |X0 = i ] =
1

1− fii
< ∞. �

∑
n≥1

P
(n)
ii = ∑

n≥1
E[In|X0 = i ] = E[K |X0 = i ] < ∞.
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�L5, e ∑
n≥1

P
(n)
ii < ∞. ^�y{,

b� i ~�, K fii = 1. d Markov 5, L§Øä�£ i , ¤±

E[K |X0 = i ] = ∞.

� ∑
n≥1

P
(n)
ii Âñgñ, ¤± i 63.
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½n 3.3.1 ¥ü�^���*¿Â

• e i ~� ⇔
∞

∑
n=1

P
(n)
ii = ∞

: ±VÇ 1 ¬kÃ¡õg£� i , Pi (lim sup
n→∞

{Xn = i}) = 1,

• e i �~� ⇔
∞

∑
n=1

P
(n)
ii < ∞

: �kk�g£� i , Pi (lim sup
n→∞

{Xn = i}) = 0.

5.
∞

∑
n=0

P
(n)
ii = Ei [Ki ] (: L«XÚl i Ñu£� i �²þgê) = ∞, e i ~�,(

=
1

1− fii

)
< ∞, e i �~�.
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íØ 3.3.1

e i ~�� i → j , K j ~�� fji = 1.

5. �3 k , ¦�

0 < P
(k)
ij = Pi (Xk = j) = Pi (Xk = j ,

⋃
n>k

{Xn = i}),


mª¥�?¿��¿�±�¤Ø���¿,⋃
n>k

{Xn = i} = {Xk+1 = i} ∪ {Xk+1 6= i ,Xk+2 = i} ∪ · · ·

∪ {Xk+1 6= i ,Xk+2 6= i , · · · ,Xk+n−1 6= i ,Xk+n = i} ∪ · · ·
=
⋃
n≥1
{Xk+1 6= i ,Xk+2 6= i , · · · ,Xk+n−1 6= i ,Xk+n = i}.
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y. b� i ~�� i → j , @o�3 k ,

0 <P
(k)
ij = Pi (Xk = j ,

⋃
n≥1
{Xk+1 6= i , · · · ,Xk+n−1 6= i ,Xk+n = i})

= ∑
n≥1

Pi (Xk = j ,Xk+1 6= i ,Xk+2 6= i , · · · ,Xk+n−1 6= i ,Xk+n = i)

= ∑
n≥1

Pi (Xk+1 6= i ,Xk+2 6= i , · · · ,Xk+n−1 6= i ,Xk+n = i |Xk = j)

·Pi (Xk = j)

= ∑
n≥1

Pj (X1 6= i ,X2 6= i , · · · ,Xn−1 6= i ,Xn = i)Pi (Xk = j)

= ∑
n≥1

f
(n)
ji · P

(k)
ij = fji · P (k)

ij ,

�ê1���Ò��â´ Markov ó��mà5.
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y. (Y) � fji = 1 �y, � j �� i . �3 m, n ¦�

P
(m)
ji > 0, P

(n)
ij > 0,

l
é?¿ s > 0, P
(m+n+s)
jj ≥ P

(m)
ji P

(s)
ii P

(n)
ij . ¤±

∑
s≥1

P
(m+n+s)
jj ≥ ∑

s≥1
P
(m)
ji P

(s)
ii P

(n)
ij

=P
(m)
ji P

(n)
ij ∑

s≥1
P
(s)
ii = ∞,

�� ∑k≥1 P
(k)
jj = ∞, j ~�.
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�~��"~�

5. � fii = P(Tii < ∞) = 1 �Ò´ i �~���,

{f (n)ii , n ≥ 1} ´G� i Äg�£�m Tii �VÇ©Ù.

P µii :=
∞

∑
n=1

nf
(n)
ii = E[Tii ]: i �²þ£=�m.

½Â 3.3.5

�G� i ´~��.

• e µii < ∞§K¡ i ��(positive)~�¶

• e µii = ∞§K¡ i �"(null)~�.
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5. 1 �~���£��Ý¯u"~���£��Ý.
2 éu=kk�õ�G�� Markov ó, µii o´k��.
¤±, �k3kÃ¡��õ�G��, â�UÑy"~��.

3 �G�ê8Ø��, ���O�©ÛÒ�±rG�©aá�
Ù, �G�ê8é��, KI/ÏO�Å.

(�Ö¥~ 3.3.5)
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Ö¿~ (Y) �ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5

 ,

Á¦�G��~�5.

¯¢þ,

f
(1)
00 = 0, f

(2)
00 = p03p30 = 1/4, f (3)00 = p03p33p30 = 1/8,

f
(n)
00 = p03p

(n−2)
33 p30 + p01p12p23p

(n−4)
33 p30 =

1

2n
+

1

2n−2
,

k f00 = ∑n≥1 f
(n)
00 = 1, ¤±´~�ó. 


µ00 = 4 ⇒��´�~�ó.

]
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Polya ½n: �ÄÃ��� SRW

(1) � E = Z, =£VÇ

Pi ,i+1 = p = 1− Pi ,i−1 = 1− q, i = 0,±1, · · · (0 < p < 1).

��G�w,Ñ�Ï, �o�´63�o�´~�.

∀i , P
(2n)
ii = Cn

2np
nqn, P

(2n+1)
ii = 0.

d Stirling úª��

Cn
2n ∼

4n√
πn

, ¤± P
(2n)
ii ∼ 4n√

πn
(pq)n.

� {
� p 6= 1

2 �, i ��~�,
� p = 1

2 �, i �~�.

5. P73 ½n 3.1.2 �íØ¢S®²y²´"~�, Ù¥=£VÇ�¦)´^��;�{.
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½n 3.3.3: (Polya ½n)

éu Rd þ�é¡�ÅiÄ,

• � d = 1, 2 �´~�, 
�´"~��;

• � d ≥ 3 �´63�.

“°,³~�, Up?j�”�VÇ)Ö.
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e�½n`²�VÇ©Ù�m�=�'X.

½n 3.3.4

é?¿ i , j ∈ E , n ≥ 1,

(1) (Ä�VÇúª:) P
(n)
ij =

n

∑
`=1

f
(`)
ij P

(n−`)
jj ;

(2) f
(n)
ij = ∑

k 6=j

Pik f
(n−1)
kj · 1{n>1} + Pij · 1{n=1}, =

 f
(1)
ij = Pij ,

f
(n)
ij = ∑

k 6=j

Pik f
(n−1)
kj , n = 2, 3, · · · ;

(3) i → j ⇔ fij > 0; ?�Ú�, i ↔ j ⇔ fij > 0 � fji > 0.
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y. (1) 5¿�� Xn = j �, Tj ≤ n.

P
(n)
ij = Pi (Xn = j) =

n

∑
k=1

Pi (Tj = k ,Xn = j)

=
n

∑
k=1

Pi (Xk = j ,Xv 6= j , 0 < v < k ,Xn = j)

=
n

∑
k=1

Pi (Xk = j ,Xv 6= j , 0 < v < k)P(Xn = j |Xk = j)

=
n

∑
k=1

f
(k)
ij P

(n−k)
jj .
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(2) �Ä n > 1 ��/. du

{Tij = n}
=
⋃
k 6=j

{X1 = k ,Xl 6= j , 2 ≤ l ≤ n− 1,Xn = j},

k

Pi (Tij = n)

= ∑
k 6=j

Pi (X1 = k,Xl 6= j , 2 ≤ l ≤ n− 1,Xn = j)

= ∑
k 6=j

Pi (X1 = k)

·P(Xn = j ,Xl 6= j , 2 ≤ l ≤ n− 1|X0 = i ,X1 = k)

= ∑
k 6=j

Pi (X1 = k)P(Xn = j ,Xl 6= j , 2 ≤ l ≤ n− 1|X1 = k).
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(3) � i → j �, �3 n > 0 ¦� P
(n)
ij > 0. �

n′ = min{n : P (n)
ij > 0},

K
f
(n′)
ij = P(Tij = n′|X0 = i) = P

(n′)
ij > 0,

l

fij = ∑

n≥1
f
(n)
ij ≥ f

(n′)
ij > 0.

� fij > 0 �, �3 n′ > 0 ¦� f
(n′)
ij > 0. l


P
(n′)
ij > 0 ⇒ i → j .

Ón, � j → i �k fji > 0. ¤±

i ↔ j ⇔ fij > 0 � fji > 0.
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íØ 3.3.2

e j �~�, K
∞

∑
n=1

P
(n)
ij < ∞, lim

n→∞
P
(n)
ij = 0.

y. (1) ?���ê N,

N

∑
n=1

P
(n)
ij =

N

∑
n=1

n

∑
k=1

f
(k)
ij P

(n−k)
jj =

N

∑
k=1

N

∑
n=k

f
(k)
ij P

(n−k)
jj

=
N

∑
k=1

f
(k)
ij

N−k
∑
m=0

P
(m)
jj ≤

N

∑
k=1

f
(k)
ij

N

∑
m=0

P
(m)
jj ,
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c¡®y
N

∑
n=1

P
(n)
ij ≤

N

∑
k=1

f
(k)
ij

N

∑
m=0

P
(m)
jj .

- N → ∞, Kdu j �~�,

∞

∑
n=1

P
(n)
ij ≤

∞

∑
k=1

f
(k)
ij (1+

∞

∑
n=1

P
(n)
jj ) ≤ 1+

∞

∑
n=1

P
(n)
jj < ∞.

(2) ��?êÂñKÙÏ�ªu0.
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G��m�'X
G��©a

H{�

½Â 3.3.6

• eG� i ∈ E ´�±Ï�~��, K¡��H{�.

• e��Ø��ó¤k�G�Ñ´H{�, K¡dó�Ø��
H{ó.

(�Ö¥~ 3.3.6, 3.3.7)
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¯K�: 3�o�¹e, Ð©©Ù��Ú���©Ù�Ó?

~. �ê¼ó X = {Xn, n ≥ 0} �Ð©©Ù´ π = (πj , j ∈ E ),
Ù¥

πj := P(X0 = j), j ∈ E ,

K�Ú���©Ù�

P(X1 = j) = ∑
i∈E

P(X1 = j |X0 = i)P(X0 = i) = ∑
i∈E

πiPij ,

¤±Ð©©Ù��Ú���©Ù�Ó��=�
1 ∑

i∈E
πiPij = πj , j ∈ E (²­5/ØC5);

2 πj ≥ 0, ∑
j

πj = 1. ]
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²­©Ù

¡÷vXeü^5��ê� π = (πj , j ∈ E ) � X �²­©Ù:

1 ∑
i∈E

πiPij = πj , j ∈ E (²­5/ØC5);

2 πj ≥ 0, ∑
j

πj = 1.

� {Xn, n ≥ 0} ´± E �G��m�ê¼ó.

¯K�: � n→ ∞ �, n Ú=£VÇ

P
(n)
ij := Pi (Xn = j) �4�´Ä�3?

e�3, ´Ä� i k'? eÃ', ´ÄÒ´²­©Ù?
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Ä�4�½n
²­©Ù

Ä�4�½n

½n 3.4.1:

é?¿G� i ∈ E , µii �Ù²þ�£�m.

(1) e i ��~�½"~��, K

lim
n→∞

P
(n)
ii = 0;

(2) e i �±Ï� d �~��, Kk

lim
n→∞

P
(nd)
ii =

d

µii
, �

1

∞
= 0.

(3) e i ��±Ï�~��, Kk

lim
n→∞

P
(n)
ii =

1

µii
.
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y. (3) é?¿ t < 0, PÝ1¼ê

Pi (t) := ∑
n≥0

etnP (n)
ii , Fi (t) := ∑

n≥0
etnf (n)ii .

d½n 3.3.4(1): P
(n)
ii = ∑n

k=1 f
(k)
ii P

(n−k)
ii , �±��

Pi (t) = 1+ Pi (t)Fi (t), = Pi (t) = 1/(1− Fi (t)).

Ù¥, t < 0 ��~�5�y?êýéÂñÚÒ��Ü{. �

(1− et)Pi (t) =
1− et

1− Fi (t)
.

�±Ï5�b�, �y4� lim
k
P
(k)
ii �3,
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dXe¢©Û�(J:

lim
t↑0−

(1− et)Pi (t) = lim
k→∞

P
(k)
ii .




lim
t↑0−

1− et

1− Fi (t)
= lim

t↑0−

−et

−∑n≥0 netnf (n)ii

=1/ ∑
n≥0

nf
(n)
ii = 1/µii .

�y.
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5º

þãÄ�4�½n´¤¢ ê¼ó�H{½n.

1 d (3) ��H{� i ÷v

lim
n→∞

P
(n)
ii =

1

µii
.

Ù¥, �±Ï5�y�ª�3, �~�5�y�Ò¤á.

2 k�ê¼óvk"~��,

Ø���k�ê¼ó�G�Ñ´�~��.

3 XJê¼ók��"~��, K7kÃ¡õ�"~��.
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~ 1. (·K 3.3.3 �, Y)
�ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


�~�5±9H{5.

).

G� 3 : f
(1)
33 =

1

2
, f (2)33 = P30P03 =

1

4
, f

(3)
33 = 0,

f
(n)
33 = 0, � n ≥ 5 �,

¤± f33 =
∞

∑
n=1

f
(n)
33 = 1, íÑ 3 ´~��. ?�Ú�, µ3 = 2,

���~��, �A�ê¼ó´�H{ó. ]
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²­©Ù�½Â

½Â 3.4.1

� (Pij , i , j ∈ E ) � Markov ó X = {Xn, n ≥ 0} �=£VÇ.
e�Kê� {πj} ÷v
(1) (�K5) ∑

j∈E
πj = 1;

(2) (ØC5) πj = ∑
i∈E

πiPij , ∀j ∈ E .

K¡ {πj} � X �²­©Ù. ½¡ØC�VÇÿÝ½ØC©Ù.

5. ØC5�±íÑ, é?¿ n ≥ 1,

πj = ∑
i∈E

πiP
(n)
ij , ∀j ∈ E .
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²­©Ù�¿Â

�ê¼ó X = {Xn, n ≥ 0} �Ð©©Ù´²­©Ù
π = (πj , j ∈ E ), K

(1) ¤k Xn, n ≥ 0 �©Ùþ� π:

P(Xn = j) = πj , j ∈ E , n ≥ 0.

(2) é?¿ k ≥ 2, (Xn1 ,Xn2 , · · · ,Xnk ) �©Ù=��m�
n2 − n1, · · · , nk − nk−1 k', ��må: n1 Ã'.

5. �Ð©©Ù´²­©Ù�, ê¼ó´î²­L§.
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y. (1) Xn �©Ù�

P(Xn = j) = ∑
i∈E

P(Xn = j |X0 = i)P(X0 = i)

= ∑
i∈E

πiPij = πj .

(2) é?¿ k ≥ 2,

P(Xn1 = i1,Xn2 = i2, · · · ,Xnk = ik )

=P(Xn1 = i1)P
(n2−n1)
i1,i2

P
(n3−n2)
i2,i3

· · ·P(nk−nk−1)
ik−1,ik

=πi1P
(n2−n1)
i1,i2

P
(n3−n2)
i2,i3

· · ·P(nk−nk−1)
ik−1,ik

,

�y.
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²­©Ù��35

½n 3.4.2:

éu�±ÏØ��ó,

�~�Tó�3²­©Ù�¿�^�.

¿�, d²­©ÙÒ´§�4�©Ù†.

éu�àê¼ó, XJ�3G��m E þ�VÇ©Ù p = (pi , i ∈ E ), ¦�

lim
n→∞

P(Xn = i) = pi , i ∈ E ,

K¡ p ´Tó�4�©Ù† .

5. eê¼ó´Ø���±Ï�, K lim
n→∞

P
(n)
ij =

1

µjj
; ?�Ú/,

e { 1
µjj
}j∈E ´��©Ù, K¡��4�©Ù.
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y. (¿©5) - π = {πj , j ∈ E} �²­©Ù, K

πj = ∑i∈E πiP
(n)
ij � πi ≥ 0, ∑i∈E πi = 1.

d��Âñ�n,

πj = lim
n→∞ ∑

i∈E
πiP

(n)
ij = ∑

i∈E
πi ( lim

n→∞
P
(n)
ij ) = (∑

i∈E
πi )

1

µjj
=

1

µjj
.

éþª'u j ¦Úí�:

�3 πl =
1

µll
> 0, �� µll < ∞,

= l �~�. l
dØ��5, ��ó�~�.
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y. (7�5) Ø�� E = {0, 1, 2, · · · },

ó´�±Ï�~� ⇒ limn→∞ P
(n)
ij = 1/µjj �u 0.

d C-K �§

P
(n+m)
ij = ∑

k≥0
P
(m)
ik P

(n)
kj ≥

K

∑
k=0

P
(m)
ik P

(n)
kj , ∀K :g,ê

- m→ ∞, k
1

µjj
≥

K

∑
k=0

1

µkk
P
(n)
kj .

2- K → ∞, k

1

µjj
≥

∞

∑
k=0

1

µkk
P
(n)
kj .

¯¢þ, þª�k�ÒâU¤á:
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b� XJ�3

j ¦�
1

µjj
>

∞

∑
k=0

1

µkk
P
(n)
kj ,

Ké j ∈ E ¦Ú, k

1 ≥ ∑
j≥0

1

µjj
> ∑

j≥0
(

∞

∑
k=0

1

µkk
P
(n)
kj ) =

∞

∑
k=0

(
1

µkk
∑
j≥0

P
(n)
kj ) = ∑

k≥0

1

µkk
,

= ∑j≥0
1

µjj
> ∑k≥0

1
µkk

, gñ.

2- n→ ∞, k

1

µjj
= ∑

k∈E

1

µkk
(limP

(n)
kj ) =

1

µjj
∑
k∈E

1

µkk
,

¤±

∑
k∈E

1

µkk
= 1, = { 1

µjj
, j ∈ E} ´²­©Ù.
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~ 1. (·K 3.3.3 �, Y)
G��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


éA��H{ê¼ó, ¦Ù²­©Ù π.

). d�§ πP = π, =
π0 + π1 + π2 + π3 = 1,
π0 =

1
2π3,

π1 =
1
2π0,

π2 = π1,

)�

π = (
1

4
,
1

8
,
1

8
,
1

2
).
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Ø��ê¼ó�©�Xen«�¹

1 ó´63�, Ø�3²­©Ù;

2 ó´"~��, Ø�3²­©Ù;

3 ó´�~��, �3²­©Ù,

πj =
1

µjj
= (E[Tjj ])

−1, j ∈ E .

¢Sþ, �Ï$1¥ØØÐ©G�´�o, ²L�ã�m�
?u j �VÇÑ´ πj .
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~ 1. (·K 3.3.3 �, Y)

µ33 = 2,π3 =
1

2
.

]

~ 3.4.1 �

E = {1, 2}, P =

(
3/4 1/4
5/8 3/8

)
,

Á¦�A²­©Ù±9 limn→∞ Pn.
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=£VÇ�²þ4�

�Ä m Ú=£¥�¯ j �ªÇ
1

m

m−1
∑
n=0

In,

E[
1

m

m−1
∑
n=0

In|X0 = i ] =
1

m

m−1
∑
n=0

P(Xn = j |X0 = i) =
1

m

m−1
∑
n=0

P
(n)
ij .

Ù4�o´�3�,

lim
m→∞

1

m

m−1
∑
n=0

P
(n)
ij =

1

µjj
.

Ò�Ï
ó,
1

µjj
´�¯ j �gê3o�m¥�²þ°�.

5. lim
m→∞

P
(m)
ij Ø�½o�3, XJ�3, �Ú Stolz ½n�¬Ü:

lim
m→∞

1

m

m−1
∑
n=0

P
(n)
ij = lim

m→∞
P
(m)
ij = πj .
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Recall

f8 C ⊂ E ´4� ⇔ ∀x ∈ C , y /∈ C , k pxy = 0.

5. 1 f8 C ⊂ E ´4�, ��du

é?¿ x ∈ C , k ∑
y∈C

pxy = 1.

2 �Ò´`, 48¥�?ÛG�þØ��48	�G�. �

X Ø����=� E vk�²�4f8;

3 ��3��48þ�ê¼óE,´��ê¼ó.
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5. � {Xn} k²­©Ù π, Ké¤k63Ú"~�� j , k

πj = 0.

¯¢þ,
é?¿ n ≥ 1, πPn = π,

d��Âñ½n,

πj = lim
n→∞ ∑

i∈E
πiP

(n)
ij = ∑

i∈E
πi

(
lim
n→∞

P
(n)
ij

)
= 0.
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~ 3.4.3 �ÄG��m E = {1, 2, 3, 4, 5, 6, 7}, =£Ý
�

0.1 0.1 0.2 0.2 0.4 0 0
0 0 0.5 0.5 0 0 0
0 0 0 1 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0.5 0.5 0
0 0 0 0 0.5 0 0.5
0 0 0 0 0 0.5 0.5


�ê¼ó, ¦z�Ø��48�²­©Ù.
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Ø��ê¼ó�5�

(1) �3²­©Ù��=� {Xn} �~�. d�²­©Ù��=
� {1/µii , i ∈ E}.

(2) e {Xn} H{, Ké?¿G� i , lim
n→∞

P
(n)
ij = πj , �Ñu:Ã

'.

(3) eG��mk�, K {Xn} �½�~�.

• e µii ��, =�¯G� i �²þ�mm���, K�¯ i �ª�, l
�¯ i �4�VÇ���, ¤± πi ��.
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~ 3.4.4 �ê¼ó�G��m E = {0, 1, 2, · · · }, =£Ý

P = (Pij ) : i , j ∈ E ,

Pij =


pi , j = i + 1,
ri , j = i ,
qi , j = i − 1,
0, Ù§,

Ù¥ pi + ri + qi = 1. ù«ó¡�)«ó, ´Ø���. P

a0 = 1, aj =
p0p1 · · · pj−1
q1q2 · · · qj

, j ≥ 1.

Áydó�3²­©Ù�¿�^�´

∞

∑
j=0

aj < ∞.
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k�ê¼ó�G�©)

E = T ∪ C1 ∪ C2 ∪ · · · ∪ Ck ,

Ù¥, C1,C2, · · · ,Ck ´¤k4�p��da, T ´{e�G�.
K

(1) C1,C2, · · · ,Ck ¥�G��~�, T ¥�G�63;

(2) XJ X0 ∈∃ Ci , Kdó[Ølm Ci ;

(3) XJ X0 ∈ T , Kdó�ª¬?\,� Ci ¿òØ3lm.
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~. �ê¼ó {Xn} �G��m E = {1, 2, 3, 4}, �Ú=£Ý

� 

0 0 1 0
1 0 0 0
0.3 0.7 0 0
0.6 0.2 0.2 0

 ,

?Ø�G��±Ï5Ú~�5, ¿O��~���²þ£=
�m.
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). Tókü��da:

{1, 2, 3} Ú {4}.

Ù¥ C1 = {1, 2, 3} ´4�, {4} Ø4. ¤±

1, 2, 3�~�, 463; 1, 2, 3�±Ï, d(4) = 0.

òê¼ó��3 C1 þ����H{ê¼ó, =£Ý
� 0 0 1
1 0 0
0.3 0.7 0

 ,

²­©Ù (π1,π2,π3) = (
10

27
,
7

27
,
10

27
), �A�

(µ1, µ2, µ3) = (
27

10
,
27

7

27

10
).

]
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